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Pure dephasing of a vibrational adbond 
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at Buffalo, Buffalo, New York 14260 
(Received 2 April 1987; accepted 24 August 1987) 
A theoretical study of the vibrational relaxation of the adbond between a physisorbed molecule 
and a crystalline substrate is presented. The bond between the admolecule and the substrate is 
described as a one-dimensional Morse oscillator. Using standard perturbation theory, 
expressions for the relaxation of the vibrational adbond due to its interaction with the substrate 
lattice vibrations are derived. Both energy relaxation and pure dephasing are considered. A 
numerical evaluation of the resulting expressions for the relaxation constants is given for a 
Debye spectrum for the phonons and for a surface phonon spectrum. The relative importance 
of pure dephasing and energy relaxation in determining the absorption linewidth is derived as a 
function of the fundamental frequency of the active mode. 
I. INTRODUCTION 
The effects of vibrational excitation of adsorbed mole-
cules by an IR laser has been the subject of many experimen-
tal and theoretical studies over the past decade. I Primarily, 
the interest in laser excitation of an adspecies arose because 
of the prospect of influencing surface chemical reactions2 
and the prospect of selective laser-induced desorption with-
out heating (i.e., damaging) the substrate. 3 Later it was 
shown that substrate heating via the adsorbate of an other-
wise transparent crystal might quite well be the most impor-
tant process occurring.4-8 
Besides using the laser to influence particular processes, 
it can also be used as an analytical tool. Best known is the 
measurement of the adsorption line profile and the 
linewidth. More modern examples are echo experiments and 
time-resolved transmission spectroscopy. With all these 
techniques some information can be obtained about the ad-
bond or adsorbate and its interaction with the substrate. 
Surface reactions are mainly dependent on the extent to 
which a particular vibrational mode can be excited and the 
speed with which relaxation occurs. Processes in which the 
populations of the vibrational levels are changed, due to an 
energy exchange with the reservoir, are generally called en-
ergy relaxation or TI processes. 
The adsorption line shape is determined by the Fourier 
transform of the autocorrelation function of the dipole oper-
ator of the adbond. In particular, it involves the time evolu-
tion of the off-diagonal elements of the reduced density oper-
ator. In the most simplest approximation the adsorption line 
is a Lorentzian, with a width determined by two processes. 
The first, inhomogeneous broadening, arises due to inhomo-
geneities in the environment of the active molecules. For 
adsorbates, it can have contributions from differences in ad-
sorption sites, roughness of the surface and other causes. 
Because the magnitude of these irregularities is not well 
known, inhomogeneous broadening is difficult to analyze in 
a first principles way. A phenomenological approach was 
recently given by Gortel et al.9 
The second mechanism, homogeneous broadening, 
again consists of two parts: energy relaxation (or TI pro-
cesses) and pure dephasing (or T! processes). The latter is 
the collection of all relaxation terms which contribute to the 
time evolution of the off-diagonal elements of the density 
operator, but which do not change the populations. In the 
simplest approximation the total homogeneous width is giv-
en by 
1 2 1 
-=-+-. 
Tz TI T! 
(1.1 ) 
Each of these three relaxation times can in principle be 
determined experimentally. For adsorbates, the energy re-
laxation time was determined for chemisorbed OH on silica 
by time-resolved transmission spectroscopy.IO,ll The same 
experiments for the lower-frequency adbond mode ofphysi-
sorbed systems have not been done yet. One problem is the 
lack of an appropriate laser for these frequencies. Echo ex-
periments give the total dephasing time [Eq. (1.1)]. To-
gether with the previous mentioned time resolved spectros-
copy measurements, they can be used to determine the pure 
dephasing. Finally, simple measurement of the absorption 
linewidth gives the combination of homogeneous and inho-
mogeneous broadening. Combined with the result for TI and 
Tz, it gives the contribution of inhomogeneous broadening. 
The question we want to address in this paper is what 
the relative importance is of energy relaxation and pure de-
phasing, respectively, to the homogeneous linewidth. 
Experimentally, we know from the TI measurements by 
Heilweil et al.IO·11 and previous determinations of the total 
linewidth l2 that the latter is not due to TI processes only. 
Whether the discrepancy has to be attributed to pure de-
phasing or to inhomogeneous broadening, cannot be de-
duced from these experiments. Measurements of the total 
linewidth for adsorbates have also been done for hydrogen 
on wolfram,13 hydrogen on silicium,14 and for the internal 
mode vibration of CO on nickel. 15 Theoretical arguments as 
well as detailed calculations have been given to show that 
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these lindwidth's are mainly due to pure dephasing. 14- 17 
All the above indicated experiments and theoretical 
considerations are about the excitation/relaxation of the vi-
brational states of a chemical bond, with typically a frequen-
cy of 2000 cm - I. Experiments of relaxation of molecules 
embedded in the solid state suggest that the line broadening 
is mainly due to pure dephasing. There is no reason to believe 
this to be different for similar modes of adsorbates. 16 The 
calculations in this paper will support these conclusions. 
However, for physisorbed systems, the adbond mode 
will have a fundamental frequency in the region 50-500 
cm -I, considerably lower than that of a chemical bond. For 
such low frequencies an experimental analysis is difficult to 
perform. We are only aware of the measurement of the 
linewidth of the adbond vibration of CO on nickel. 18 Theo-
retical analysis has mainly been restricted to energy relaxa-
tion. 19- 21 The question we want to answer in this paper is 
whether for these low-frequency modes pure dephasing still 
is the most important relaxation process. It will be shown 
that under certain conditions, dependent on both the adbond 
and on the details of the reservoir spectrum TI and T! pro-
cesses can become of equal importance, and energy relaxa-
tion can even become the more important one. 
Following earlier work, 19-22 in the next section we shall 
present a theory of vibrational relaxation of an adbond, with 
the lattice vibrations of the substrate as a reservoir. How-
ever, we shall retain the terms describing pure dephasing, 
and we will derive explicit expressions for TI and T~. In 
Secs. IV and V, we shall evaluate these expressions numeri-
cally as a function of the fundamental frequency of the ad-
bond vibrational mode. Finally, in Sec. VI, conclusions will 
be presented. 
II. RELAXATION CONSTANTS 
Consider a system of an atom or molecule physisorbed 
on a crystal. It is assumed that the bond between the adsor-
bate and substrate can be described as a one-dimensional 
anharmonic oscillator; only vibrations perpendicular to the 
surface are considered. Excitation of the adbond can be ac-
complished by laser light in resonance with one pair of vibra-
tional states. Relaxation occurs through the dynamic cou-
pling of the adbond with the lattice vibrations of the 
substrate. The latter is assumed to act as a thermal bath or 
reservoir. 23 
The potential energy between the adatom and the sub-
strate is given by a one-dimensional potential between the 
instantaneous position of the ada tom z and of the nearest 
surface atom Uz (Fig. 1), 
v= V(z-zo-u z )' (2.1) 
The origin is chosen as the average position of the surface 
atom. The average of the instantaneous displacement Uz is 
therefore zero. It is assumed that Uz is entirely determined by 
the lattice vibrations of the substrate (reservoir condition). 




FIG. 1. Schematic drawing of an adsorbed 
atom at position z above a surface. The near-
est surface atom has a time-dependent dis-
placement u perpendicular to the surface. 
where m is the mass of the adatom and ( ... ) denotes the 
average over the substrate lattice vibrations. The interaction 
between the adbond and the lattice vibrations is given by 
HI = V(z - Zo - Uz ) - (V(z - Zo - Uz » . (2.3) 
Furthermore, we denote by Hp and p~, respectively, the 
Hamiltonian and thermal equilibrium density operator of 
the harmonic lattice vibrations of the substrate. The eigen-
functions and eigenvalues of the adbond Hamiltonian are 
defined by 
Ha In) = mvn In) . (2.4) 
The complete system has the Hamiltonian 
H=Ho+HI =Ha +Hp +HI. (2.5) 
The state of this system is described by a density operator p, 
which obeys the equation of motion, 
dp =..!.... [H,p] . 
dt fz 
(2.6) 
Then the adbond can be described by its reduced density 
operator 
O'(t) = Trp {p(t)} , (2.7) 
where Trp denotes the trace over the phonon variables. 
Following earlier work, 19-22 an approximate expression 
for the reduced density operator of the adbond can be de-
rived as 
dO'(t) = J... [H O'(t)] _ J... Tr 
dt ifz a' fz2 p 
(2.8) 
with 
HI( - t') = exp( - ~ Hot') HI exp( ~ Hot'). (2.9) 
The first term of Eq. (2.8) defines the free evolution of the 
adbond while, the second term gives the relaxation. A 
further approximation can be made by neglecting terms on 
the right-hand side of Eq. (2.8) which oscillate with a fre-
quency different from the free evolution of O'(t). Within this 
approximation, usually denoted as the random-phase ap-
proximation (RP A), we obtain for the time derivative of the 




where O'nm (t) = (nIO'(t) 1m), 
(2.10) 
(2.11 ) 
O'n = O'nn and 
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- (tJm' Let us define 
ank = ~2 L" dt' { (H ~k (O)H in ( - t'» 
+ (H~k( -1')H~n(O»}, (2.12a) 
An= I ~i'" dt'(H~k(O)Hin(-t'», (2.12b) 
k"en fz 0 
Fnm =~i'" dt'{<H~n(O)H~n( -I'» 
fz 0 
+ (H;"m( -1')H;"m(O» 
- (H;"m(O)H~n( -t'» 
- (H;"m( -1')H~n(O»}, (2.12c) 
where (Q) = Trp {P~Q} is the average ofQover the phonon 
reservoir. Then the relaxation constants are given by 
r~~ = - akn for n=f.k, (2.13a) 
r:~ = (An +A~) , (2.13b) 
r~;:: = Re{An +A:' +Fnm}. (2.13c) 
In the RP A, pure dephasing is given by the diagonal 
elements of the interaction Hamiltonian. From Eqs. (2.10)-
(2.13) it follows that indeed they do not contribute to the 
time-evolution ofthe populations. They do influence the co-
herences, with a rate constant Fnm and the added energy 
relaxation rate constantsAn. A condition for pure dephasing 
to occur is that Fnm is nonzero. As can be deduced from Eq. 
(2.12c), this means that 
- I - I H nn=f.H mm for n=f.m. (2.14) 
For example, it can be shown that Eq. (2.14) is not fulfilled 
when the complete system is described by harmonic oscilla-
tors.30 An expression similar to Eq. (2.12c) was given by 
Burns et al. 24 
In the rest of the paper we shall use the Morse potential 
for the interaction potential V(z - zo - uz ), 
Vm (z) = D{exp( - 2az) - 2 exp( - az)} . (2.15 ) 
The reasons are that a Morse potential gives a fair descrip-
tion of the van der Waals bond, and that it is to a large extent 
amenable to analytic evaluation of the expressions. The lat-
tice vibrations are described as a set of harmonic oscillators. 
Then, following the work of Efrima et aI., 19 the correlation 
functions of the interaction Hamiltonian can be evaluated: 
(H~m(O)H~I( -t'» 
= D 2 e - 2a'(u') e - jWklt ' 
XB ~~B U){exp( 4a2 (U (O)U( - t'») - 1} 
+ 4B ~~B k)l{eXp(a2 (u(O)U( - t'») - 1} 
- 2B ~~B k)l{eXp(2a2 (U(O)U( - t'») - I} 
- 2B ~~B k7){exp(2a2 (u(O)U( - I'») - 1}, 
(2.16) 
where the displacement autocorrelation function is purely 
determined by the reservoir. B ~~ is the matrix element of 
e-ja(Z-Zo) between the eigenstates of Ha (see the Appen-
dix). 
III. MUL TIPHONON CONTRIBUTIONS 
The Markov approximation implies a separation of the 
system in two parts, the reservoir and the subsystem of inter-
est (adbond). Changes in the state of the complete system 
then have the interpretation of something changing in the 
adbond accompanied by a change in the reservoir. Within 
the RP A the time evolution of the reduced density operator 
of the adbond has a very simple interpretation [Eqs. (2.10) 
and (2.11) ] . Any change of 0"( t) is accompanied by the cre-
ation or destruction of one or more phonons of the substrate. 
For the Morse potential and a harmonic lattice, the n-
phonon contribution to the relaxation constant is given by 
the combination of all terms involving the nth power of the 
autocorrelation function of the surface atom displacement. 
Each of these terms is singled out easily by expanding the 
exponential functions in Eq. (2.16). For a Debye spectrum 
for the phonons, the importance of multi phonon contribu-
tions was analyzed by Jedrzejeketal.,25,26 and upto n = 2 by 
Gortel el al. 27 These authors considered only the master 
equation [Eqs. (2.10) and (2.15)], and therefore analyzed 
only the contributions of the multi phonon contributions to 
the transition rate constants ank [Eq. (2.12a)].1t was found 
that for transitions between vibrational states involving en-
ergies less than the Debye frequency, the single-phonon 
terms dominate. For transitions of energy higher than this 
Debye frequency, multiphonon terms are also important. 
Especially for the motion perpendicular to the surface, 
i.e., U z the Debye spectrum is a poor presentation of the 
density of states (DOS) of the phonon spectrum.28 Recent-
ly, the transition rate constants for the vibrational adbond of 
CO physisorbed on Ni were calculated by Volokitin et al. 29 
using the more realistic surface phonon spectrum due to 
Black.28 The values they obtained were much lower and in 
better agreement with experiment than those calculated 
with the Debye spectrum. Furthermore, it was found that 
multiphonon terms of high order still give a significant con-
tribution to the rate constants. 
Energy relaxation involves a change in energy of the 
adbond. The transition from level n to level m is accompa-
nied by the creation/anhilation ofa phonon, which is depict-
ed in Fig. 2. Multiphonon transitions can be represented by 
adding one or more virtual adbond levels. Pure dephasing 
m-..L...---I-----+..,----L--wm 
n ill 
FIG. 2. The single-phonon and two-phonon contributions to the energy re-
laxation for the transition from level n to level m, with {j}n > (j}m' Each arrow 
denotes the absorption (upwards) or emission (downwards) of a phonon. 
The energy of each phonon follows from the length of the arrow. The dotted 
lines indicate virtual adbond levels. I is the single-phonon process, and there 
are four two-phonon processes indicated by II-V. For the downward transi-
tion n ~ m, process III is not possible, and for the reverse upward transition, 
process II does not contribute. 
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[Eq. (12c)] occurs due to processes in which the popula-
tions of the adbond do not change. These can be interpreted 
as virtual excitations of the adbond, which then returns to its 
original state. Obviously the minimum number of phonons 
necessary for such a virtual excitation is two (Fig. 3). There-
fore, pure dephasing has only contributions from two-
phonon and higher multi phonon processes. 
From the notion that pure dephasing is at least a two-
phonon process, and from the previous discussion, one ex-
pects that pure dephasing will become an important relaxa-
tion process whenever the multiphonon contributions to the 
transition rate constants are important. The analysis in the 
rest of the paper will support this hypothesis to a large ex-
tent, although it will also be found that the intrinsic differ-
ences between pure dephasing and energy relaxation do in-
fluence their relative importance. 
Let us denote the phonon density of states by p(w), with 
f" dw pew) = 1 . (3.1 ) 
Then, the displacement autocorrelation function is given by 
(u(O)u( - t ') > = ~ f''' dw pew) 
2M Jo w 
with 
X {[n(w) + l]e - iwt' + n(w )eiwt '} 
(3.2) 
(3.3 ) 
which gives the number of phonons with frequency w as a 
function of the temperature T; kB is the Boltzmann constant. 
With these definitions, the two-phonon contribution to 
the pure dephasing rate constant becomes for a Morse poten-
n l\ y -A Wn 
FIG. 3. Multiphonon contributions to pure dephasing. Depicted are both 
two-phonon processes and one three-phonon process. For the meaning of 
the symbols see Fig. 2. Note that pure dephasing terms involve only one 
(real) level of the adbond, and that single-phonon processes are impossible. 
tial [Eq. (2.12c)], 
Re(F ) = D 2e - 2a'(U')( m - n)2 417' (a2fz)2 
nm k fz2 2M 
X 100 dw (p~) Yn(W)[ new) + 1], (3.4) 
where D, a, and k are defined in the Appendix. The imagi-
nary part of the rate constants determines a level shift and 
will not be considered here. 
The energy relaxation contribution to the absorption 
linewidth of a transition n --+ m is given by Re (A n + A ::', ) 
= Re(A ~ +Am) [Eq. (2.Bc)]. Re(An) can be written as 
[Eq.(2.12)] 
1 
Re(An) = - I ani' 
2 I¥n 
(3.5 ) 
For the latter rate constants the one-phonon contribution is 
a(l) = D 2 e - 2a 2(u'>CB (1) )2(n _ m)2(1 _ n + m + 1)2 
nm nrn 2k' 
X 4: (a2fz )P (Iwnrn I) [ n (W nrn ) + I] . 
fz 2M Wnrn 
(3.6) 
The two-phonon energy relaxation is given by 
a~~ = D 2 e - 2a'(u)' (B ~~ ) 2 { 2 + 81 n (2k - n - 1) ;km (2k - m - 1) I 
+ 81 n(2k - n - 1) - m(2k - m - 1) 12} !!... (002 )2 
2k fz2 2M 
X (00 dw (P(W) p( -Wrnn -w) [n(w) + 1] [ n( -Wmn -w) + I] 
Jo w ( - W rnn - w) 
The four terms in Eq. (3.7) correspond to the four two-
phonon processes denoted by II-V in Fig. 2. 
From Eqs. (3.6) and (3.7) we can conclude that the 
energy relaxation constants strongly depend on the details of 
the phonon spectrum used. In particular, the single-phonon 
term is directly proportional to the DOS at the transition 
(3.7) 
frequency. The pure dephasing constant is less dependent on 
the phonon spectrum because it involves an integral over the 
square of p (w ). In the next two sections we shall evaluate the 
expressions Eqs. (3.4), (3.6), and (3.7) for, respectively, a 
Debye spectrum and a DOS representing a surface phonon 
spectrum. 
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IV. DEBYE SPECTRUM 
For a Debye spectrum we have 
{
3w2/wi> W<"WD 
pew) = 0 W>WD 
(4.1 ) 
( 4.2) 
Then the two-phonon contribution to the pure dephasing for 
a Debye phonon spectrum can be written as 
Re(Fnm ) = D 2e- 2a'(U')( m ~ n r(~) 
(4.3) 
It is easy to show thatID (y) = constant ;:::3.3 for (y- 00 ). 
Then we obtain Re(Fnm ) = O(T 3 ) for T ->0. 
Substitution of Eq. (4.1) in Eq. (3.6) gives for the sin-
gle-phonon energy relaxation 
a(!) = D 2e- 2a'(u)'(B (I) )2(n _ m)2(1 _ n + m + 1) 
nm nm 2k 
( a
2
) 61T X - -3 Wnm [1 + n(Wnm )] M W D 
( 4.4) 
for w<"w.D' For W > W.D we have a~!,; = O. The two-phonon 
contribution is [Eq. (3.7)] 
a(2) = D2e-2a2(u')(B(I»2(a2)2 91T E(WD. W nm ) 
nm nm M A ,,3 k T' k T 
"1"WD B B 
X {2 + S/ n (2k - n - 1) ;k m (2k - m - 1) / 
+ S(n(2k - n - 1) ;km (2k - m - 1)r}. (4.5) 
The expression for the integral E depends on the values of W.D 
and wnm . For IW nm I > 2w D we have 
For 2wD ,>wnm ,>w.D, 
E(xD;xnm ) 
(4.6a) 
IXD eXnm = dxx(xnm-x) , (Xnm-XD) (eX - l)(exnm - x - 1) 




dx x(xnm _ x) e
Xnm 
(eX _ l)(exnm - x _ 1) 
with similar expressions for Wnm < O. 
(4.6b) 
For T ->O,xi) 3E(xD,xnm ) converges to a limiting value. 
This means that at low temperature all n-phonon contribu-
tions to the energy relaxation remain finite. Therefore, in the 
limit T - 0, energy relaxation will always dominate pure de-
phasing. 
We are interested in an estimate of the different contri-
butions to the total relaxation rate Eq. (2.13c). In order to 
do this we shall use values for the parameters which repre-
sent realistic systems like Ar/KCI and CO/Ni. That is, we 
use a number of adbond levels k = 25. Different systems, i.e., 
with a different fundamental frequency, are then represent-
ed by choosing different values for both a and D, such that 
k = 25. The values for Ji and M are taken in accordance with 
the system CO/CU.26 In the low-temperature limit, X D < 1, 
the energy relaxation rate constant Re (A 1 + Ao) for the 
1---0 transition can be approximated by ~alO' Also, for the 
1-0 transition (n,m <t,k), the n,m-dependent factors have a 
simple approximate expression. With these substitutions 
and approximations, the relaxation constants become 
F (2) -D2 -2a'(U')( 1 )291T (a
2)2 3.3 10 - e - - - -, 
k w1 M x1 
Re(A II) +A~I» 
1 (I) _ D 2 - 2a'(u') 1 61T a 2 WIO 
;:::2alO - e ----. 
For 2wD '>W IO '>WD we have 
Re(A 12 ) +A~2» 
2k W D M -Ii 
1 (2) _ D 2 - 2a'(u') 1 91T (a2)2 9 z- a lO - e -- - -
2 2k wi> M S 
and for WD ,>w lO ,>w, 
Re(A 12 ) + A 62» 
= D 2e - 2a2(u') _1_ 91T (a2)2.-2...(XIO)3 





It is noted that forwlO > W D , alb) = 0, and thatforw lO > 2wD , 
al~) = 0, but that the pure dephasing constant is only weakly 
dependent on the fundamental frequency. 
From Eqs. (4.7) the following estimates of the relative 
importance of the various contributions at low temperature 
can be made for 0 < W 10 < W D : 
Fg) 1 1 
-j;--, 
~ alb) 30 x1 
F (2) 10 
! a\~) 3 x~~ 
(4.Sa) 
(4.Sb) 
For WD < WIO < 2wp ' the single-phonon energy relaxation is 
identically zero, but Eq. (4. Sb) remains valid. 
From Eqs. (4. S), it follows that, for a Debye spectrum, 
the pure dephasing rate constant is much smaller than the 
single-phonon energy relaxation, and of about the same 
magnitude as the two-phonon energy relaxation. The two-
phonon contribution to the energy relaxation is much 
smaller than the single-phonon term, and the three-phonon 
term will again be an order of magnitude smaller than the 
J. Chem. Phys., Vol. 87, No. 12, 15 December 1987 
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two-phonon term. Therefore, when compared to three-
phonon or higher-order terms in the energy relaxation rate 
constant, the pure dephasing will be the most important re-
laxation process. 
v. SURFACE PHONON SPECTRUM 
In the model used in this paper, the coupling between 
the adbond and the phonon reservoir is mediated by the mo-
tion of the surface atom perpendicular to the surface. Espe-
cially for this direction of the motion, the theoretical calcula-
tions ofBlack28 for a Ni ( 111 ) surface show a large difference 
in the spectrum of the surface phonons compared to that of 
the bulk phonons. The most prominent characteristic of this 
spectrum is that the DOS consists of a single peak at frequen-
cy Wo = 24.2 Thz. Besides this peak, there is some extra den-
I 
sity in the tails between frequencies of 60 and 300 cm - 1 (as 
visible in the picture given by Black). We want to evaluate 
the expressions for the relaxation constants for such a 
phonon density of states. In order to do this, we approximate 
the calculated spectrum by the simple analytical form 
pew) = (In 2/2w~a) w2 exp( -Iwo - wiln 2/a), (5.1) 
where a = 1.45 THz = ~ FWHM. The w2 dependence is 
chosen in order to obtain the correct limiting behavior for 
w - 0; the exponential gives a reasonable representation of 
the spectrum calculated by Black. 
Again, we consider the 1-0 transition in the low-tem-
perature limit. Substitution of the DOS [Eq. (5.1)] into 
Eqs. (3.4), (3.6), and (3.7) gives the required rate con-
stants. After rearrangement they become 
1 R ((I) (Wnm )4( 1T)( wo ) ( 1 11 Wnm I wo ) % e anm ) = % M ~ exp - n 2 - % ~
X21Tln2(B~~)2(1_n+m+1)2 k4 , 
2k [ In - m I (2k - n - m - 1) 3] (5.2) 
_1_ Re(a~m) = (Wnm )4(!!...)2(~)2 Is (Wnm )(B ~~)2 ~ 1T[ln(2) ]2( k )2 
Wo Wo M a Wo In - m I (2k - n - m - 1) 
X { 1 + 2 ( In _ m I (2k ~ n _ m _ 1) ) + ( In _ m I (2k ~ n _ m _ 1) ) 2} , (5.3 ) 
_l_ Re(F )=(Wnm)4(!!:...)2(~)21T(In2)2 k 2 
Wo nm Wo M a (2k-m-n-1)4(m-n)2 
x 100 dz Z2 exp( - 2ln 211 - zlwo ) [ exp (~':;) _ 1] -1 - [ 1 - exp ( - ~':;) r 1 , (5.4 ) 
where z = W/WO, and Is (wnm/WO) is given by 
Is (x) = ~ x 3 exp[ -In 2(2 - x)wo/ a] 
for x<;;;l, and 
(5.5a) 
I s (x)={2x( a )2_4( a )3}exp [-ln(2)XWo ] 
wo2 In 2 wo2 In 2 a 
+ {2(X _ 1) ( a ) _ 4 ( a )3 _ 21x _ 21 ( a )2 
wo2 In 2 wo2 In 2 wo2 In 2 
± (~_X+~X3)} exp( -ln21~-xlwo) 
for x;> 1. The plus sign applies for x;>2 and the minus sign for 
1 <;;;x<;;;2 (x = wnm/WO).1t follows that the energy relaxation 
rate constants are, in this low-temperature approximation, 
independent of the temperature. Pure dephasing is strongly 
temperature dependent, through the exponential functions. 
The Morse potential parameters representing some real 
physisorbed systems are such that the number of levels k is 
more or less constant. 26 To compare the energy relaxation 
and pure dephasing, we plot in Fig. 4 the relaxation con-
stants as a function of the fundamental frequency WIO of the 
vibrational adbond. The constants defining the adbond 
(k,/L,M) are the same as those used in Sec. IV. 
All quantities are given in units of the characteristic fre-
(5.5b) 
quency Wo of the phonon spectrum. We see that, as expected, 
the n-phonon energy relaxation rate constant has a maxi-
mum at frequency nwo. For WIO#WO it decreases exponen-
tially with IwlO - wol. The pure dephasing constant is much 
less dependent on the transition frequency. The largest effect 
is due to the increase of d 2V(Z - zo)/dz2Iz =Zo with increas-
ing W 10' and not to a resonance effect as for the energy relaxa-
tion. 
It is to be expected that the maxima in a ~~) will gradually 
decrease with increasing n. Then, for transition frequencies 
larger than nwo with n on the order 3 or 4, pure dephasing 
will become a more important process than energy relaxa-
tion. A notable difference with the Debye spectrum is that 
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FIG. 4. The logarithm of the various n-phonon contributions to the relaxa-
tion constants vs the fundamental frequency of the vibration. The low-tem-
perature approximation is used [Eqs. (5.2 )-( 5.4) J. All quantities are given 
in units of the characteristic frequency of the surface phonon spectrum. The 
pure dephasing F \~) is plotted for two values of the temperature. Note that 
the low-temperature approximation does not make sense for 
WJOlIWo < kB T Ifkvo. 
the single-phonon and two-phonon contributions to the en-
ergy relaxation are still larger than the pure dephasing even 
ifw1O> nwo (n = 1,2, respectively). For the Debye spectrum 
the n-phonon term is exactly zero for w 10 > nw D' This is due 
to p (w ) now being nonzero for w > Wo' Therefore, the precise 
behavior of a\~) for W10 > nwo depends strongly on the exact 
form of p (w ). Since the difference between the calculated 
spectrum28 and a Lorentzian peak (used here) or, for exam-
ple, a Gaussian function cannot be seen for w;;>2wo, the val-
ues of the n-phonon relaxation constants beyond 
W10 = (n + 1 )wo are not reliable, and no conclusion should 
be drawn regarding their behavior at those frequencies. 
VI. DISCUSSION 
It is well known that pure dephasing is a relaxation pro-
cess which is due to anharmonicities in the system. In the 
model used in this paper, anharmonicity is introduced in the 
active mode (vibrational adbond), and its magnitude is fixed 
by the choice of a Morse potential to represent this bond. 
Another approach can be to take into account the anhar-
monicity in lattice vibrations.30 We assume that this can be 
neglected with respect to the effect of the adbond anharmon-
icity. Therefore, it should be kept in mind that the calcula-
tions presented here and elsewhere!?,3! give values for the 
pure dephasing constants which can be strongly model de-
pendent. Energy relaxation is already present in a harmonic 
system and does not change dramatically upon introducing 
anharmonicity. 
It is found that for low temperature the pure dephasing 
constant goes to zero as T3 (T->O) [Eqs. (4.7) and (5.4); 
see also Ref. 17]. Apparently this result does not depend on 
the details of the phonon spectrum. It does depend on the 
kind of relaxation process studied, i.e., on the form of the 
coupling between the active mode and lattice vibrations. 
This can be compared to the results of Skinner and Hsu who 
find a T7 dependence for the relaxation of the electronic exci-
tation of a molecule embedded in a crystal. 3! 
The calculations presented in Secs. III-V clearly show 
that resonance is an important effect in determining the 
magnitude of the energy relaxation rate constants [Eqs. 
(3.6) and (3.7) ]. The n-phonon contribution is large when-
ever all phonons involved are of a frequency at which the 
DOS is large. For the Debye spectrum this means that the n-
phonon term has a maximum for the transition frequency 
smaller but of the order nwD. For w1O>nwD, that term is 
identically zero. For the surface phonon spectrum, each n-
phonon term in the rate constant has a maximum at nwo and 
decreases strongly for iWlO - nWoi #0. The results also show 
that on going to a higher multiphonon process, the maxi-
mum value of the relaxation constant decreases with increas-
ing n (see also Refs. 25-27). 
The lowest-order contribution to the pure dephasing is a 
two-phonon process. Because it involves only a single ad-
bond level, the resonance effect is now that the largest contri-
bution to the relaxation constant comes from virtual excita-
tions with frequency WO' Since there are no other restrictions 
on the position of the virtual level, the relaxation constant 
will hardly depend on the fundamental frequency. Its magni-
tude should therefore be of the order of the two-phonon en-
ergy relaxation term at its maximum. On the other hand, it 
will roughly be lower by a factor of n(wo) than this term, 
because it also involves the absorption of a phonon. It is this 
factor which introduces the strong temperature dependence 
of the pure dephasing (Fig. 4). 
This analysis shows that at high temperatures, where 
n(wD ) or n(wo) > 1, the two-phonon pure dephasing term 
will be of the order of the maximum value of the two-phonon 
energy relaxation term. For lower temperature [n(wo), 
n(wD) < 1], the two-phonon pure dephasing will be some-
what smaller. Then, one expects pure dephasing to be the 
most important relaxation process when the transition fre-
quency of the active mode is much larger than the character-
istic frequency (wo or w D ) of the phonon reservoir. This is in 
accordance with the result of Gadzuk and Luntz l6 and Hut-
chinson and George,17 who considered the relaxation of an 
internal vibrational mode of an adsorbed molecule. Al-
though the coupling mechanism is different there, the con-
clusions are also valid for the relaxation of an electronic exci-
tation.}1 However, for the low-frequency adbond vibrations 
of a physisorbed molecule, the energy relaxation is mainly 
due to single-phonon and/or two-phonon contributions. 
Then energy relaxation will give the largest contribution. 
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APPENDIX: MATRIX ELEMENT S<nl)" 
The Morse potential is given by 
Vm (z - zo) = D{exp[ - 2a(z - zo)] 
- 2 exp [ - a (z - zo) ]} . (AI) 
Averaging V(z - Zo - u) over the lattice vibrations (i.e., 
over u) results again in a Morse potential, 
(Vm(z-zo-u) = V;"(z-zb), (A2) 
with renormalized parameters 
D' =Dexp( _a2 (u 2»), 
a'=a, (A3) 
zb=zo+~a(u2). 
The adbond Hamiltonian is defined with the renormalized 
Morse potential as potential energy. Let us denote its dis-
crete eigenfunctions by In). Then the corresponding eigen-
values are 
fz2a 2 






The integer part of k represents the number of bound states. 
From Eq. (A4) one directly obtains the fundamental fre-
quency 
fz2a 2 
liJ lO = -- (k - 1) . (A6) 
f.L 
The following matrix elements can be calculated as19•32 
B~!,; = (nle-a<z-zOllm) 
1 {( 2k - 2n - 1)( 2k - 2m - 1) } 1/2 
= 2k n!m!r(2k - n)r(2k - m) 
Xr(n + 1)r(2k - m), (A7) 
B~;': = (nlexp( - 2a(z - zb) 1m) 
= B (1 l (n (2k - n - 1) - m (2k - m - 1) + 2k) 
nm 2k ' 
(A8) 
both for n > (m - 1). 
We need the matrix elements of the interaction Hamil-
tonian [Eq. (2.12)]. Substitution of the explicit form of HI 
[Eq. (2.3)] shows that this involves matrix elements of 
exp [ - ja (z - zo) ], for j = 1,2. That is, we need matrix ele-
ments of both terms of the Morse potential [Eq. (AI)] be-
tween the eigenstates of the renormalized Morse potential 
[Eqs. (A2) and (A3)]. We note that exp[ - ja(z - zo)] 
= exp [ - ja(z - zb)] exp [ - ja(zb - zo)], and that 
(zb - zo) = ~ a (u 2) is constant. Then from Eqs. (A 7) and 
(A8) we immediately obtain the result 
B~f" = (nlexp( -ja(z-zo)lm) =e-j3/2a'(u')B~!!. 
(A9) 
with j = 1,2. 
This result was used in the evaluation ofEq. (2.16). We 
stress that the correction so obtained [Eq. (A9) vs Eqs. 
(A 7) and (A8)] is of the same order of magnitude as the 
corrections obtained directly from using the renormalized 
Morse potential instead of Vm (z - zo) itself in Ha. 
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